It is shown that separation conditions (separation curves) are fundamental objects of separability theory. They are used for the classification of certain clases of separable systems, for the proof of bi-Hamiltonian property and finally they allow to construct new separable systems from known ones.
Separable Stäckel systems
Let us consider Liouville integrable system on 2n dimensional phase space M, given in canonical representation. It means that M ∋ u = (q 1 , ..., q n , p 1 , ..., p n )
T and there are n functions H i (q, p) in involution with respect to the canonical Poisson tensor π {H i , H j } π = π(dH i , dH j ) =< dH i , π dH j >= 0, i, j = 1, ..., n,
where < ·, · > is the duality map between T M and T * M . Canonical representation means that only nonzero brackets between the coordinates are {q i , p j } π = δ ij . Functions H i generate n Hamiltonian dynamic systems u ti = π dH i = X Hi , i = 1, ..., n,
where X Hi are called the Hamiltonian vector fields. The Hamilton-Jacobi method of solution of systems (1) is related with it linearization through a canonical transformation (q, p) → (b, a), a i = H i , i = 1, ..., n.
In order to find the conjugate coordinates b i it is necessary to construct a generating function W (q, a) of the transformation (2) such that
W (q, a) is a complete integral of related Hamilton-Jacobi equations (HJ)
H i q 1 , ..., q n , ∂W ∂q 1 , ..., ∂W ∂q n = a i , i = 1, ..., n.
In (b, a) representation the t i −dynamic is trivial (a j ) ti = 0, (b j ) ti = δ ij hence, b j (q, a) = ∂W ∂a j = t j + const j , j = 1, ..., n.
Equations (4) are implicit solutions of (1) known as the inverse Jacobi problem. The reconstruction in explicit form of trajectories q j = q j (t i ) is themselves a problem far from being trivial and is beyond the scope of this paper. Then, one can ask the question where are the difficulties in that method. The point is, that having a Liouville integrable system in some natural coordinates (q, p), to solve the system (3) with respect to W is a hopeless task in general, as it is a system of coupling nonlinear partial differential equations. The only way to overcome such a difficulty is to find a distinguished canonical coordinates, denoted here by (λ, µ), in which there exist n relations ϕ i (λ i , µ i ; a 1 , ..., a n ) = 0, i = 1, ..., n, a i ∈ R, det ∂ϕ i ∂a j = 0,
each containing only one pair of canonical coordinates [1] . The condition in (5) means that we can resolve the equations (5) with respect to a i obtaining a i = H i (λ, µ), i = 1, . . . , n. If the functions W i (λ i , a) are solutions of a system of n decuple ODE's obtained from (5) by substituting µ i = ∂Wi(λi,a) ∂λi
then the function
is an additively separable solution of all the equations (6) and simultaneously it is a solution of all Hamilton-Jacobi equations (3) simply because solving (5) to the form a i = H i (λ, µ) is a purely algebraic operation. The Hamiltonians H i Poisson-commute since the constructed function W (λ, a) is a generating function for the canonical transformation (λ, µ) → (b, a). Such exceptional coordinates are called the separated coordinates.
Obviously, the original Jacobi formulation of the method was a bit different then the one presented above, and was made for a particular class of Hamiltonians, nevertheless it contained all important ideas of the method. Jacobi himself doubted whether there exists a systematic method for construction of separated coordinates. Indeed, for many decades of development of separability theory, the method did not exist. Only recently, at the end of the 20th century, after more then one hundred years of efforts, two different constructive method have been formulated. One related with Lax representation the second with bi-Hamiltonian representation of a given integrable system.
Here I would like to turn the attention of the readers to the fact that all results of the paper are derived directly from separation conditions (5), confirming their fundamental role in the modern separability theory.
In further considerations we restrict to a special case of (5), when all separation relations are affine in
where f and ψ are arbitrary smooth functions of their arguments, called the generalized Stäckel separation conditions and the related dynamic systems are called the Stäckel separable ones. The reason for such a name is that the conditions (7) with f k i being µ-independent and ψ i being quadratic in momenta µ are equivalent to the original Stäckel conditions for separability of Hamiltonians H i . To recover explicit Stäckel form of the Hamiltonians it is sufficient to solve the linear system (7) with respect to H i . Although the restriction of linearity seems very strong, nevertheless in practice, for the majority of known separable systems, the general separation conditions are reducible to (7) ones under suitable choice of constants of motion
in (λ, µ) plane, called a separation curve. Finally, we restrict to these functions f k which are monomials in their arguments, i.e.
with the following normalization: α
. From now on we will consider Stäckel separable systems with separation conditions given by (9) . For further purpose, which become clear in the next section, let us collect terms from the l.h.s. of (9) in the following form
where
As separation conditions (8) are fundamental in the Hamilton-Jacobi theory, it seems natural to use them for a classification of Stäckel systems. Obviously, the problem is far from beeing trivial, so here we only make some observation concerning Stäckel systems related to separation curves. The form of separation curves (10) allow us to classify related Stäckel systems. Actually, a given class of Stäckel separable systems can be represented by a fixed sequences
and an appropriate type of admissible functions ψ. For example the most intensively studied type of systems in the 20th century, related to one-particle separable dynamic on Riemannian manifolds with flat or constant curvature metrices, belongs to the same simplest class given by m = 1 : (0), (0), (n) and functions ψ being quadratic in momenta
We come back to these systems in the last section of the paper. To this class, called here Benenti class, belong systems generated by conformal Killing tensor [18] - [21] , as well as cofactor pair systems, generated by a pair of conformal Killing tensors [22] - [25] . Another class is given also by m = 1 : (0), (0), (n) but functions ψ being exponential in momenta
To that class belong such systems as periodic Toda lattice [13] , KdV dressing chain [14] , RujsenaarSchneider system [11] and others. We also know particular examples belonging to classes with m > 1. Stationary flows of Businesq hierarchy belong to class m = 2 : (1, 0), (0, 0), (n − 2, 2) with ψ function being cubic in momenta [12] , [11] . Dynamic system on loop algebra sl(3) belongs to the class m = 2 :
(1, 0), (0, 0), (2, 4) also with ψ qubic in momenta [15] . Systems from classes with 1 < m ≤ n, α i = 0 and ψ quadratic in momenta are constructed in the last section.
Bi-Hamiltonian property of Stäckel systems
We begin this section with a few definitions important for further considerations. As the Hamiltonian formalism is of tensorial type, we do not have to restrict to nondegenerated canonical representation of Hamiltonian vector fields. Given a manifold M, a Poisson operator Π on M is a bivector (second order contravariant tensor field) with vanishing Shouten bracket
hence in consequence the bracket 
where h i : M → R are called the Hamiltonians of the chain (13) and where i is some discrete index. This sequence of vector fields may or may not truncate (depending on the existence of Casimir functions). Let us consider a bi-Poisson manifold (M, Π 0 , Π 1 ) of dim M = 2n + m where Π 0 , Π 1 is a pair of compatible Poisson tensors of rank 2n. Moreover we assume that the Poisson pencil Π λ admits m, polynomial with respect to the pencil parameter λ, Casimir functions of the form
such that n 1 + ... + n m = n and h
are functionally independent. The collection of n bi-Hamiltonian vector fields
is called the Gel'fand-Zakharevich (GZ) system of the bi-Poisson manifold M. Notice that each chain starts from a Casimir of Π 0 and terminates with a Casimir of Π 1 . Moreover, all h (j) i pairwise commute with respect to both Poisson structures
In the following section we prove that an arbitrary Stäckel system in the phase space M , with separation conditions given by (10) , can be lifted to a GZ bi-Hamiltonian system on the extended phase space M.
As recently proved in [15] , Stäckel Hamiltonians fulfil the following quasi-bi-Hamiltonian representation
where π 0 is a canonical Poisson tensor
and π 1 is a noncanonical Poisson tensor
compatible to π 0 one. Functions F ij take the form
where J is matrix of coefficients of n linear equations defined by (9), i.e.
To have a better control of functions F ij we will find another representation then (18) one. Let a i , i = 1, ..., n be some auxiliary parameters for numeration of appropriate terms. Consider a system of n linear equations for
The solution is given in the form
where W = det J, W ki = det U ki and U ki is matrix J with the k-th column replaced by that (µ
T and (a 1 , ..., a n ) T , system (19) takes the matrix form
where α ij = −(J −1 Λ n J) ij . Comparing this result with (18) and (20) we find
Now, the important question is: which F ij = 0 when separation conditions (9) take the form (10). In other words, for which i, j determinant W ij has no repeating columns. First we rewrite the quasi-biHamiltonian chain (17) in the equivalent form
adopted to the separation curve in the form (10) . Then a simple inspection gives the following answer
Hence, a quasi-bi-Hamiltonian representation (22) takes the form 
From (19)- (21) it follows that separation conditions for h
are given by a separation curve
Moreover, functions F k,l i,1 obey the same quasi-bi-Hamiltonian representation as H
which has been proved for an arbitrary Stäckel system in [15] . On M Poisson tensors π 0 and π 1 will be denoted by Π 0 and Π 1D , respectively. Both are degenerated with common Casimirs c i , i = 1, ..., m
From relations (23)- (27) it follows that on M we have the quasi-bi-Hamiltonian representation with respect to Poisson tensors Π 0 and Π 1D in the form
Now, let us introduce the following bivector
Proof. Using the properties of Shouten bracket we have
where L X means the Lie derivative in the direction of X and [·, ·] is a commutator between vector fields. Now, we prove that L X (r) 1
From (28) we have
Now, from the Poisson property of Π
, hence (30) is proved. On the other hand
Poisson bivectors Π 0 and Π 1 are compatible as
form bi-Hamiltonian chains with respect to Π 0 , Π 1 . Indeed
0 , so h (k) (λ) are Casimir functions of the Poisson pencil Π λ = Π 1 − λΠ 0 polynomial with respect to pencil parameter λ.
Stäckel systems with quadratic in momenta first integrals
In the following section we restrict our considerations to particular subclasses of separation curves (9) . Actually, to these with α ′ k = 0, k = 1, ..., n, and ψ(λ, µ) being quadratic in momenta
where f and γ are arbitrary smooth functions. Now, each particular class of Stäckel systems is described by a sequence of natural numbers (β ′ 1 , ..., β ′ n−1 , 0). All systems, related to separation curves (31), can be interpreted as one-particle separable dynamics on n dimensional Riemannian or pseudo-Riemannian spaces. The distinguish class and also the best recognized is (n − 1, n − 2, ..., 1, 0) one
known as Benenti class, constructed with the help of the so-called conformal Killing tensors. Let (Q, g) be a Riemann (pseudo-Riemann) manifold with covariant metric tensor g and local coordinates q 1 , ..., q n . Moreover, let G := g −1 be a contravariant metric tensor satisfying
The phase space of Hamiltonian dynamic is M = T * Q parametrized by local coordinates (q 1 , ..., q n , p 1 , ..., p n ). Geodesic flow, is related to the Hamiltonian function E = 1 2
then L is called a conformal Killing tensor with the associated potential ε = T r(L). If we assume additionally that L has simple eigenvalues and its Nijenhuis torsion vanishes, then L is called a special conformal Killing tensor [27] . For the Riemannian space (Q, g, L), the geodesic flow has n constants of motion of the form
where A r and K r are Killing tensors of type (2, 0) and (1, 1), respectively. Moreover, as shown by Benenti [18] , [19] , all the Killing tensors K r with a common set of eigenvectors, are constructed from L by the recursion
or equivalently by the following 'cofactor' formula
where cof (A) stands for the matrix of cofactors, so that cof (A)A = (det A)I. So, for a given metric tensor g, the existence of a special conformal Killing tensor L is a sufficient condition for the geodesic flow on Q to be a Liouville integrable Hamiltonian system with all constants of motion quadratic in momenta. Moreover, the basic separable potentials V (m) r are given by the following recursion relations [10] , [14] , [25] ρn . It turns out that with the tensor L we can (generically) associate a coordinate system on Q in which the geodesic flows associated with all the functions E r separate. Namely, let (λ 1 (q), ..., λ n (q)) be n distinct, functionally independent eigenvalues of L, i.e. solutions of the characteristic equation det(λI − L) = 0. Solving these relations with respect to q we get the transformation λ → q : q i = α i (λ). The remaining part of the transformation to the separated coordinates can be reconstructed from the generating function W (p, λ) = i p i α i (λ). In the (λ, µ) coordinates the Stäckel separation conditions for Hamiltonian functions
are given by the separation curve of the form (32), where for potentials
, [28] . Moreover, if for a given metric tensor G its special conformal Killing tensor L is such that function f (λ) = 1 in (32), then L is also a special conformal Killing tensor for a metric tensor G f = f (L)G and related separable Hamiltonians (36) obey separation conditions of the form (32).
The special conformal Killing tensor L can be lifted from Q to a (1, 1)-type tensor on M = T * Q where it takes the form
The lifted (1, 1) tensor N is Nijehuis torsion free, like the L one, hence it defines a recursion operator on M . An important property of N is that when it acts on the canonical Poisson tensor π 0 it produces another Poisson tensor
compatible with the canonical one. It is now possible to show that the Hamiltonians H r satisfy on M the set of relations [21] π 1 dH r = π 0 dH r+1 − ρ r π 0 dH 1 , H n+1 = 0, r = 1, ..., n.
(39)
which are a particular case of the quasi-bi-Hamiltonian chain (23) with m = 1 and F
1,1
r,1 = −ρ r . The lift to a one-Casimir GZ bi-Hamiltonian representation was done in [21] . Now we show how to construct an arbitrary class (31) by an appropriate deformation of the Benenti class (32). Let us start with a Benenti system {H 1 , ..., H n } constructed from a pair (G, L). Then, let us fix k natural numbers 1 < n 1 < ... < n k < n + k and define new functions by a following determinant form
where ρ i = 0, i = 0, ..., n are coefficients of the characteristic polynomial of L and H m = 0, m = 1, ..., n.
Theorem 2
1. There is n functionally independent new functions (40) as H n1 = ... = H n k = 0. 
4. The formula (40) applies separately to the geodesic and the potential parts. The geodesic part E r can be presented in the following form
where metric tensor G and Killing tensors K r are
and K m in determinant calculations are treated as symbols not matrices.
Hamiltonian functions H r belong to the following quasi-bi-Hamiltonian chain
The proof of the theorem as well as other details of the construction the reader can find in [28] and [29] . Notice, that although the number k can be arbitrary large, nevertheless, the maximal number of nonvanishing terms F r,ni+1 d H ni+1 in (41) is lower or equal to n. In fact, if n i and n i+1 are two successive numbers, i.e. n i+1 = n i + 1, then F r,ni+1 d H ni+1 = F r,ni+1 d H ni+1 = 0, as from construction H ni+1 = 0. Hence, for a string of successive numbers n i − s i + 1, n i − s i + 2, ..., n i , only the term with n i is nonzero in formula (41), as
Obviously, all H r can be lifted to multi-Casimir GZ bi-Hamiltonian chains according to the procedure described in the previous section (see also [28] ). From the geometrical point of view, equations (41) mean that different sets of functions { H r } n r=1 , calculated according to formula (40), define different Lagrangian distributions invariant with respect to the same recursion operator N of basic Benenti systems.
Example
Let us consider the integrable case of the Henon-Heiles system on 4 dimensional phase space M ∋ (q 1 , q 2 , p 1 , p 2 ), given by
The quasi-bi-Hamiltonian chain is
2 and
The transformation to separated coordinates (λ, µ) takes the form
and the separability conditions for H i are reconstructed from the separation curve
So, according to proposed classyfication the system belongs to the Benenti class m = 1 : (0), (0), (2) . In the extended phase space M ∋ (q 1 , q 2 , p 1 , p 2 , c) the extended Hamiltonians
and separation curve takes the form
Again we are in the Benenti class m = 1 : (0), (0), (3). Now we consider the simplest deformation of the Henon-Heiles system with k = 1 and n 1 = 2. Then,
1 . The quasi-bi-Hamiltonian chain takes the form
while two bi-Hamiltonian sub-chains are
where h 0 = c 1 , The transformation to separated coordinates is given by (42) and the separability conditions for H i respectively h i are represented by separation curves
So, according to proposed classyfication the system and its extension belong to the class m = 1 : (0, 0), (2, 0), (1, 1) and (0, 0), (2, 0), (2, 2).
Summary
We have considered Stäckel systems classified with respect to the form of separability conditions represented by the so-called separation curves. The most general form of separation curve considered in the paper was the following
and α m = β m = 0. Moreover, we have proved that all systems belonging to these classes have Gel'fandZakharevich bi-Hamiltonian representation, confirming the universality of that property for Stäckel systems. As a consequence, a geometric bi-Poisson separability theory is applicable for all Liouville integrable systems from considered classes. Finally, for Stäckel systems with quadratic in momenta first integrals, we have demonstrated how to construct arbitrary class of such systems by an appropriate deformation of the so-called Benenti class. What is important, the method is coordinate independent. Let me notice at the end that all results of section 3, related to GZ bi-Hamiltonian representation, can be extended to even more general separation conditions, nonreducible to any separation curve, i.e. to 
